Realizing the enhancement and control of the optomechanical induced second-order sideband generation is of great significance in making a low-power optomechaical amplifier and highly sensitive sensor. Here we analyze theoretically light transmission obtained from a hybrid optomechanical system composed of an optical cavity and a pair of directly coupled PT -symmetric mechanical resonators, and in which the cavity is coherently driven by a bichromatic input field consisting of a strong control field and a weak probe field and that works within the perturbative regime. Using experimentally achievable parameters, we show that the transmission of the probe field changes from single to double transparency window via the transition from a broken mechanical PT -symmetric phase to an unbroken mechanical PT -symmetric phase, correspondingly, the second-order sideband generation can be also split from one frequency center into two frequency centers. Especially, when the assisted mechanical PT -symmetric systems reach the vicinity of the exceptional point, the efficiency of second-order generation can be significantly enhanced, compared to the conventional optomechanical system, what can be improved about four orders of magnitude, which is a manifestation of the unique property of mechanical PT -symmetric systems. The proposed mechanism of reaching new levels of second-order sideband generation for optomechanical systems, offers a promising route towards achieving the multimode higher-order sidebands generation and controlling optical frequency combs with an integrable structure.
I. INTRODUCTION
Cavity optomechanics [1] - [9] , constituted of an optical microcavity with one movable mirror, has exhibited unique ability to tailor the coupling between photon and phonon via optomechanical interaction arising from radiation pressure and brings about many important applications. In recent years, owing to a rapid progress in micro/nano-engineering of optical cavities and mechanical resonators, tremendous advances have been made in on-chip integrated optics in the view of achieving the PT -symmetric optical devices [10] - [15] . In particular, PT -symmetric optical architectures, in which optical gain can compensate the dissipation of the system and improve the quality factor of the cavity, have been experimentally realized and exhibited great potential for steering the photon-phonon interaction. For example, the The associate editor coordinating the review of this manuscript and approving it for publication was Sukhdev Roy.
coupling strength between the microcavity and the microcavity, atomic, mechanical oscillator as well as magnon can be effectively enhanced [13] , [15] - [17] .
As we all know, symmetry is one of the most important fundamental concepts in physics [18] , [19] , and PT -symmetric optical structures can exhibit entirely different optical behaviours in the cases of PT -symmetric phase as well as PT -symmetry breaking phase [13] . The boundary between the symmetric phase and the breaking phase is exceptional points (EPs) known as nonhermitian degeneracies points, where eigenvalues and corresponding eigenvectors of the system simultaneously coalesce [20] - [22] . In particular, a series of interesting phenomena have been found by exploring the characteristics of EPs. For instance, the weak mechanical motions can be detected with highly sensitivity near the EPs [23] . Additionally, the bifurcation properties relevant to second-order EPs and third order EPs in micro-resonator arrangements, have been proposed to improve the ability of measuring external perturbations, and the enhancement of detecting sensitivity conforms to square-root law [24] and cubic-root law [25] . Interestingly, it has reported that PTsymmetric optical waveguides can manipulate a light pulse to stop its propagation operating at an EP, which may contribute to achieving on-chip optical storage devices and the practical applications in the modern optical communication [26] . Meanwhile, the conception of mechanical PT -symmetry has been proposed to control optical response in optomechanical system [27] - [31] .
It is well known that the intrinsic nonlinear nature of the optomechanical coupling plays an extraordinarily crucial role in a variety of fundamental studies and practical applications of optomechanics, many interesting phenomena have been observed when taking into consideration the optomechanical nonlinearity, such as high-order sideband generation [32] - [37] , optomechanical chaos [38] - [43] , carrier-envelope phase-dependent effects [44] , and optical solitons [2] , [45] . Similar to the second harmonic generation in nonlinear optics, there are second-order sideband in a generic optomechanical system due to the nonlinear optomechanical interaction. Recently, some effective methods have been proposed to highly sensitive measurement of electrical charges based on a remarkable relevance between electrical-charge and the efficiency of second-order sideband generation [46] , [47] . And it is worth emphasizing that the enhancement of generated second-order sideband has emerged as an significant topic, as a matter of fact, it is equivalent to enhance optomechanical nonlinearity by means of optical configuration such as embedding atoms in cavity [48] , [49] and PT -symmetric arrangements [50] , [51] . However, robust second-order sideband generation can be hardly achieved in an optomechanical system, and its tunability can only be realized by the strong pump field [32] , which brings many limitations to the practical applications of second-order sideband generation. As a consequence, it is quite important to enhance and control the optomechanically induced second-order sideband generation with experimental system parameters to achieve low-power optical high-order sideband generation and high-sensitivity sensing.
In the present work, we present and investigate a proposal for enhancement and manipulation of optomechanical nonlinearity and second-order sideband generation in a hybrid optomechanical system with PT -symmetric mechanical resonators. We show that, at mechanical EP, the efficiency of second-order generation can be significantly enhanced even with low power input fields. It can be speculated that the optomechanical nonlinearity has been effectively enhanced at the mechanical EP. Interestingly, we also find that the amplitude of second-order sideband is split from one frequency center into two frequency centers when the mechanical PT -symmetric system transits from broken-to unbroken-PT -symmetry phase. The features of second-order sideband generation can be easily adjusted by the mechanical coupling strength, which may be of great interest in the optical information processing and provides an effective way to manipulate light propagation in a on-chip architecture.
The remainder of the paper is organized as follows: In Sec. II, we establish physical model and give the Heisenberg-Langevin equations of the system composed of PT -symmetric mechanical resonators. In Sec. III, we illustrate the mechanical PT -symmetry-induced transparency and generation of second-order sideband in detail. Finally, we make a conclusion based on the result we obtained in Sec. IV. FIGURE 1. (a) Schematic diagram of a hybrid cavity optomechanical system, including cavity modeâ, passive mechanical modeb 1 and active mechanical modeb 2 . µ is the mechanical coupling strength. The optical cavity is driven coherently by a pump field with frequency w l as well as a weak probe field with frequency w p . (b) Frequency spectrum of the output fields. The red line represents the probe field frequency w p is detuned by from the control field w l . There is second-order sideband generation due to the nonlinear optomechanical interactions.
II. PHYSICAL SETUP AND DYNAMICAL EQUATION
The physical setup we considered, as schematically depicted in Fig. 1(a) , is a hybrid optomechanical system that combines a Fabry-Pérot cavity and two mechanically coupled PT -symmetric mechanical resonators (PT MR). In the present work, the optical cavity with resonance frequency ω c is coherently driven by a strong control field with amplitude ε l and frequency ω l as well as a weak probe laser with amplitude ε p and frequency ω p , in which ε i = √ P i /(hω i ) (i = l, p), P i represents the power of pump laser. The PT MR contain a passive resonator and an active resonator with identical resonance frequency ω m . In experiments, the active mechanical resonator can be fabricated by the phonon laser action and microwave driving. The coupling of two mechanical modeŝ b 1 andb 2 with loss and gain can be described as µ.
In the presence of driving fields, the total Hamiltonian in the rotating frame of the control field frequency ω l (The Hamiltonian can be transformed into the rotation coordinate VOLUME 8, 2020 by unitary transformation U (t) = exp(−ihω lâ †â t)) can be expressed as [52] 
whereâ (â † ) is the annihilation (creation) operator of the cavity mode, and the boson operatorb 1 
are the annihilation (creation) operators of the PT MR modes with resonance frequency ω m , respectively. Their commutation relations are [â,â † ] = 1 and [b 1 (2) ,b † 1(2) ] = 1. The frequency detuning parameters of the cavity mode and probe field relative to the driving field are = ω c − ω l and ω = ω p − ω l respectively, in which ω can be regulated by tuning the probe field frequency ω p . The interaction between the cavity field and the passive mechanical oscillator via radiation pressure is described by the Hamiltonianhgâ †â (b † 1 +b 1 ). For the PT MR structure, choosing the identical resonance frequencies of both mechanical resonators to achieve very effective coupling.
On account of the above Hamiltonian (1), the evolution of the hybrid optomechanical system can be governed by the semiclassical Heisenberg-Langevin equations
where ignoring the quantum fluctuations because their expectation values are zero and introducing the dissipation with the Markov approximation safely [3] :
owing to the semiclassical approximation, the quantum fluctuations can safely be dropped, and the operators can be reduced to their expectation values, viz., a(t) = â(t) and b(t) = b (t) [4] . The decay rate κ of the cavity mode, the decay rate γ of phonon modeb 1 , and the gain γ of the phonon modeb 2 are phenomenologically added in above equations. In addition, the cavity is driven by strong a reddetuned control field to generate large steady-state amplitudes of the cavity and PT MR. In order to solve the nonlinear Eqs. (2), following the standard linearization procedure, we employ a nonlinear perturbation theory (in the case of ε c ε p ) and the mean-field approximation (i.e., AB = A B ), that is, the operators of the cavity mode and phonon modes can be described by linearizing the operators around the steady-state values, i.e., =¯ + δ [32] , where denotes optical modeâ and phonon modesb 1 ,b 2 .ā,b 1 ,b 2 are the steady-state solutions only in connection with the control field, and δ indicates a small fluctuation around the steady-state values. We can get [32] , [53] 
furthermore, by substituting the ansatz =¯ + δ into the Heisenberg-Langevin equations (2), we can get the evolution equations of the perturbation items made by the probe field based on the nonlinear terms:
a further analysis via the analytical perturbation method is based on the following asymptotic expansion [47] :
5) Due to the four-wave mixing process caused by optomechanical nonlinearity, there are output fields with a series of frequencies ω c ± nω generated, where n is the order of the sideband. Physically, the fundamental mechanism for the generation of higher-order sideband is the parametric frequency conversion. The A 1∓ is the coefficient of the firstorder sideband with the frequency ω c ± ω, the first upper sideband ω c + ω is referred to as the anti-Stokes field, and the first lower sideband ω c − ω is known as the Stokes field. The A 2∓ correspond to the upper second-order sideband ω c + 2ω and the lower second-order sideband ω c − 2ω, respectively. In the perturbative regime, the output fields at the higherorder sidebands are of great weak in contrast to the first (second)-order sideband. Consequently, here we only focus on the process of the first-order and the second-order sideband where other frequency components are validly ignored.
Substituting the linearized ansatz Eq. (5) into Eqs. (4) leads to six algebraic equations [32] which can be divided into two groups. Three of them describe the process of the firstorder sideband which corresponds to the linear response of the probe field, while the other three equations describe the second-order sideband generation process. Comparing the coefficients of the same order, we can obtain the amplitude of the first-upper and first-lower sideband:
the amplitude of second-upper sideband is
where τ 1 = (π * − + π + )ā * , τ 2 = (π − + π + )ā, and ϒ = (π − A * 1+ A 1− + π * + A 1− A * 1+ ) + igA 1− ( A * 1+ + λA 1− ). As we know, due to the nolinear optomechanical interaction, the cavity field can absorb or emit phonons via the up-and down-conversion process, viz. the nonlinear optical process of parametric frequency conversion. This can produce different frequency components in the frequency spectra of the output field, that is the high-order sideband generation [54] , [55] , i.e.,
using the standard input-output relationship S out = S in − √ ηκ â [53] , we can obtain the output field as follows:
the coefficient ε c − √ ηκā denotes the frequency spectra of control frequency ω c , (ε p − √ ηκA 1− ) and √ ηκA 1+ are the amplitudes of the anti-Stoke field and the Stoke field, respectively. The transmission of the probe field is defined as t p = (ε p − √ ηκA 1− )/ε p , it can be obtained that
the amplitude of the upper and lower second-sideband can be obtained as √ ηκA 2− and √ ηκA 2+ . In order to analyze the efficiency of upper second-sideband generation, we define the dimensionless quantity
as the efficiency of the second-order sideband generation process, which is ratio between the amplitude of the secondorder sideband and the probe field. In the following, we would like to demonstrate that the PT MR play an important role in the output field, especially the enhancement and splitting of the amplitude of second-order sideband.
III. GENERATION AND AMPLIFICATION OF SECOND-ORDER SIDEBAND INDUCED BY PT MR
In this section, we focus on the properties of the transmission spectrum and second-order sideband generation in the hybrid optomechanical system. The experimentally realizable system parameters used in this work are chosen as g = 2π MHz, ω m /2π = 3.68 GHz [28] , respectively. The wavelength of the control field is chosen to be 1573 nm. The cavity decay is κ = 0.1ω m , which is based on the recent experiment in the resolved-sideband regime (ω m κ). We use the optomechanical coupling strength g = 2π MHz κ, ensuring that the system operates in the weak-coupling regime, which reals that our results can be relatively easy to achieve based on recent experimental technique. The coupling parameter η can be continuously regulated, which is selected to be the critical coupling value 1/2. We use ε p /ε l = 0.05, which can guarantee the accuracy of perturbation method in the analysis of physical processes. Other system parameters are chosen as, the wavelength of the control field is 1573 nm, P c = 50µW, g = 2π MHz, ω m /2π = 3.68 GHz and γ = γ = 0.5 × 10 −2 ω m , respectively.
As is well known, the mechanical coupling strength µ between passive mechanical resonator and active mechanical resonator is tuned experimentally by changing their distance. In Fig. 2 , we display the power transmission characteristics of the PT -assisted optomechanical system by varying the values of µ. As can be clearly seen, when choosing µ < 0.25(γ + γ ), the transmission spectra has single transparent window at match condition ω = ω m , and the optical transmission can be considerably enhanced in the case of µ = 0.27(γ + γ ), as shown by the green line. Moreover, we find that the single peak transmission spectrum can be split into two peak values with µ > 0.25(γ + γ ), which can be called as double OMIT phenomenon. In analogy to two-color electromagnetically induced transparency (EIT) in optomechanical system assembled into atom [56] , we can achieve the transition from single-color to twocolor OMIT via adjusting the mechanical coupling µ, which may provide an alternative method to make optical switching. Before proceeding further, it is instructive to briefly illuminate the principal mechanism behind mechanical PT symmetry in our studied system, which can help us understand the underlying physics process of secondorder sideband generation. The Hamiltonian of PT MR reads [28] 
In what follows, for the sake of exploring the physical mechanism more clearly, the second-order matrix R can be converted into a diagonal matrix R by the transformation matrix M , which implies that studying the physical process in the eigenstate representation. Therein R = h ω − + iγ − 0 0hω + + iγ + and the Hamiltonian of PT MR can be diagonalized aŝ
via a Bogoliubov transformationÂ = MB [57] , which indi-
where ω ± are the eigenfrequencies of two supermodesB 1 andB 2 generated by the two mechanical resonators. And
where γ ± is the decay rate of the two mechanical supermodes. When µ < (γ +γ )/4, the PT MR is in PT -symmetry breaking phase (PT BP) with no supermode splitting, i.e., ω + = ω − = ω m , leading to two nondegenerate dissipation factors γ ± ± ( γ +γ 4 ) 2 − µ 2 . For µ = (γ + γ )/4, the relevant eigenvalues simultaneously coalesce and the dissipation rate is degenerate. When a stronger mechanical coupling rate emerges, i.e., µ > (γ + γ )/4, the PT MR possess the degenerated dissipation rate γ ± = (γ − γ )/4 and the eigenfrequencies of mechanical supermodes ω ± = ω m ± µ 2 − ( γ +γ 4 ) 2 are nondegenerate, that is, the PT MR is in PT -symmetric phase (PT SP). The prominent peculiarity of PT MR is that it reveals a phase transition process when µ transits the critical value (γ + γ )/4, which is the so-called EP. In vicinity of the EP, the field localization induces the dynamical accumulations of the acoustical energy in the passive mechanical resonator, corresponding to an increasing optomechanical nonlinearity resulting in a giant enhancement of the up-conversion process of control field, i.e., the improvement of the efficiency of anti-Stokes field generation, which leads to the fact that the transmission coefficient |t p | 2 is greater than 1 as shown in Fig. 2.   FIGURE 3 . Schematic of the energy-level diagram of our mechanism, in which | n , | n m1 , and | n m2 denote the photon number states of the cavity field, the phonon number states of the passive and active mechanical resonators, respectively. A single photon of frequency ω l can lead to the transition from | n, n m1 + 1, n m2 to | n + 1, n m1 , n m2 . The transition from | n, n m1 , n m2 to | n + 1, n m1 , n m2 can be caused by the probe field ω p , and the transition of | n, n m1 + 1, n m2 ←→ | n, n m1 , n m2 + 1 is induced by mechanical coupling. | n, n m + and | n, n m − represent mechanical supermodes (dressed states), and λ is the splitting width of the two supermodes energy levels | n, n m ± .
On the other hand, the physical picture of our regime can be explained by the energy level diagram, as shown in Fig. 3 . The typical optomechanical system can be represented by the -type three-energy-level systems [53] , containing three energy levels |n, n m1 , n m2 , |n + 1, n m1 , n m2 , and |n, n m1 + 1, n m2 , in which n and n m1,2 denote the number of intracavity photons and phonons, respectively. When considering PT MR, namely, an active mechanical resonator mechanically couples to the passive mechanical resonator, leading to the fact that an additional energy level | n, n m1 , n m2 + 1 couples to the energy level | n, n m1 + 1, n m2 . According to the dressed state theory, the two coupled energy levels | n, n m1 , n m2 + 1 and | n, n m1 + 1, n m2 can be split into two new energy levels | n, n m + and | n, n m − . Corresponding, in PT SP, the eigenfrequencies of mechanical supermodes are ω ± . In PT BP, the energy levels | n, n m + and | n, n m − coalesce because of λ = 2Re µ 2 − ( γ +γ 4 ) 2 = 0, which implies that the mechanical supermodes ω ± become the original mechanical eigenmode ω m . Owing to the matching condition, when the resonance condition is reached, i.e.,
= ω m , the phonon mode starts to oscillate coherently, simultaneously, a considerable intracavity photon number generates. The transmission window is related to the mechanical modes, as a consequence, the splitting of mechanical mode results in the transition from the single OMIT to double OMIT. Based on the four wave mixing process, the up-conversion process of control field and probe field can fabricate second-order sideband and higher-order sidebands.
To illustrate the remarkable influence of the mechanical PT -symmetric resonators on second-order sideband generation, we plot the efficiency ℘ of second-order sideband generation as a function of the mechanical coupling µ and control-probe field detuning ω in Fig. 4 , and all of the parameters we chosen arise from a recent experiment [58] . We can clearly see that the efficiency of second-order sideband generation can be obviously modified by adjusting the mechanical PT -symmetry phase. As shown in Fig. 4(b) , it can be seen that the single frequency centre is split into two frequency centres which can be referred to as two-color second-order sideband when the mechanical system transits from a broken mechanical PT -symmetric phase to an unbroken mechanical PT-symmetric phase. Physically, the underlying mechanism for two-color second-order sideband is described as follows: The original mechanical modes (eigenfrequency ω m ) are split into two mechanical supermodes ω ± in the PT -symmetry phase (µ ∈ [0.8(γ + γ ), 1(γ + γ )]), i.e., two real spectral branches of mechanical modes are displaced at ± µ 2 − ( γ +γ 4 ) 2 away from the central mechanical-resonant frequency ω m . The cavity mode interacts with the mechanical supermodes, leading to two parametric frequency conversion processes: (a) the two-phonon upconverted process of the control field takes place when it absorbs two energy units of mechanical supermodes ω + , and the other way is the process of the single-phonon up-conversion of first-order sideband; (b) Based on the interaction between the cavity modeâ and the mechanical supermodes ω − , the physical process is similar as (a). As expected, the spectrum of second-order sideband is split into two frequency centers in an unbroken mechanical PT-symmetric phase, and the resonance condition is ω = ω ± where the value of ω ± can be obtained by diagonalizing the coefficient matrix R without considering the coupling with optical cavity. As Fig. 4(c) depicted that the efficiency of the second-order sideband has only one frequency centre in a broken mechanical PT -symmetric phase. These expected PT -symmetry-induced nonlinear optical behavior can provide a new method to engineer and convert optical frequency and find applications in controlling optical frequency combs by means of this mechanical PT -induced strong optomechanical nonlinearity. Figure 4(d) shows that the efficiency of the second-order sideband generation can be significantly enhanced near the EP, i.e., µ ∈ [0.29(γ + γ ), 0.32(γ + γ )]. Physically, the PT-symmetry mechanical resonators play an important role in generating the second-order sideband processes. In vicinity of the exceptional point, the field localization induces the dynamical accumulations of the phonon energy in the passive mechanical resonator, leading to the dramatic increase of steady-state phonon number, which can enhance the optomechanical coupling equivalently. The strong optomechanical nonlinearity results in a giant enhancement of the up-conversion process of control field, i.e., the improvement of the efficiency of anti-Stokes field generation, furthermore, the efficiency of the second-order sideband generation can be reinforced. That is, the four-wave mixing process is intensified drastically. Hence the robust second-order sideband can be generated by this mechanical PT -symmetryinduced powerful optomechanical nonlinearity. Of course, when the assisted PT -symmetric mechanical system is pushed into PT -symmetry phase or PT -symmetry breaking phase, this robust enhancement effect should be drastically weakened. With respect to the conventional optomechanical system assembled by passive mechanical oscillator, a nonamplifying second-order sideband profile can be shown in Fig. 5 . Comparing Fig. 4(d) with Fig. 5 , it is stimulating that the logarithm of the maximum value of the ℘ of PT -symmetric structure is enhanced over four orders of magnitude in the vicinity of the EP, in contrast with passivepassive double-oscillator system. It should be pointed out that the maximum value of second-order sideband efficiency is shifted a small value away from the EP due to the coupling between the optical cavity and PT -symmetric mechanical resonators. We note that the strength of the second-order sideband can be easily modulated and amplified by adjusting the coupling strength between the PT-symmetric mechanical oscillators, which is more feasible in experimental realizations. In our regime, the power of control field we chosen is 50µW and the probe power is 0.125µW, which is more lower than the power-driven-induced high-order sideband generation discussed previously [32] . Such mechanical PT -symmetry-induced second-order sideband generation may provide a potential route for achieving low-power and tunable higher-order sidebands generation.
Finally, we present some experimental proposals to achieve the proposed system. Firstly, thanks to the rapid progress in phonon laser action where coherent phonons can be amplified by stimulated emission, the phonon laser device can be implemented by optomechanical system [20] , [21] , [59] , which provides a significant way to acquire the mechanical gain. On the other hand, the passive mechanical resonator can be coherently driven by a weak microwave field [60] , and such mechanical resonator can overcome dissipation and provide steady-state phonons to participate in optomechanical coupling. Consequently, this resonator possesses mechanical gain equivalently. Our proposals make an active mechanical resonator couple to a passive mechanical resonator directly, whose coupling can be achieved by coulomb interaction [61] . In addition, the assisted PT -symmetric resonators can be obtained by two directly coupled mechanical resonators with gain and loss provided by coupled optomechanical system and phononic materials via eliminating the auxiliary cavity modes adiabatically [27] . And Feng et al. have proposed a PT -symmetric mechanical system with gain and loss originating from the cavity optomechanical effect. We believe that the proposed structure is feasible in experimental realizations and deserves to be tested under the currently existing experimental conditions.
IV. CONCLUSION
In conclusion, we propose to investigate some significant features of the second-order sideband generation by engineering a three-mode system using PT -symmetric mechanical modes. This composite system is coherently driven by a bichromatic laser field which consists of a strong control field and a weak probe field. We elaborate the analytical calculation process of the second-order sideband generation by performing the perturbation method. Specifically, it was shown that (i) the transmission spectra of the probe field and the efficiency of second-order generation can be split into two peak values in the PT -symmetric phase due to the splitting of mechanical modes. (ii) Owing to the coalescence of mechanical supermodes in PT -symmetry breaking phase, the sideband peaks become single pinnacle. (iii) The efficiency of second-order generation can be extremely enhanced in the vicinity of the EP due to the dramatic enhancement of optomechanical nonlinearity. Compared with previous optomechanical system, the properties of output field in our regime can be conveniently adjusted via tuning mechanical gain-to-loss rate, viz. the transition from an unbroken PT -symmetric phase to a broken-PT -symmetric phase. From these features of second-order sideband generation, this work offers a new method to distinguish the unbroken mechanical PT -symmetric phase and broken mechanical PT -symmetric phase by means of the output optical spectrum. In addition, it is worth mentioning that the optical phenomena in our scheme are observed under the condition of low driving power, which may inspire the potential to generate low-power-triggered chaos.
